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Z?:l |d;| = m, to answer queries: given two patterns P; and

P> report all documents where both P; and P> occur in d;.
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P~ report all documents where P™ occurs and P~ does not
occur (excluded pattern).

Previous work

Authors Query time Space

Fischer et al. 2012 O(v/n + k) O(n3/2) bits
Hon et al. 2012 O(+v/nklognlog? n) O(n) words
Hon et al. 2012 O (/1) (counting) O(n) words
Our result O(m10g1/2+5 n) O(n) words

We prove it is at least as hard as boolean matrix multiplication
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Integer matrix multiplication:

5 1 { 1 4 0 ]
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00 1] |0 4 3
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Boolean Matrix Multiplication

[

5 1 7
10 5 5
0 0 1

Integer matrix multiplication:

X

1] 4 0 B
31 2 -8 | =
L0 4 3 B
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Boolean Matrix Multiplication
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10 5 5
0 0 1

X
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Integer matrix multiplication:

Boolean Matrix Multiplication
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Boolean Matrix Multiplication

Integer matrix multiplication:

5 1 7
10 5 5
0 0 1

5X4+1X2+7x%x4 =050

Boolean matrix multiplication:
F F

T F T

T F F
T T T

[

X

X

1
-3
0

F
T

il
2
4

T
F

0
-3
3

-
T
T_
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Integer matrix multiplication:

Boolean Matrix Multiplication

5 1 7 1 [4] 0 2 [50] 13 |
-10 5 5 X -3 |2|-8 -25 -10 -25
0 0 1 0 4] 3 0 4 3
5X44+1X2+7x4=250
Boolean matrix multiplication:
(T _F T [Fl F T | B
T F F X F| T T
7T T L F T B B
Jesper Sindahl Nielsen
IMMIabpalLGO "-". -." 3/8 /V




V
h

Integer matrix multiplication:

Boolean Matrix Multiplication

5 1 7 1 [4] 0 2 50| 13 |
-10 5 5 X -3 |2]-8 -25 -10 -25
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Integer matrix multiplication:

Boolean Matrix Multiplication
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Integer matrix multiplication:
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Boolean Matrix Multiplication and Set Intersection

S

A B C
T F T | F F T | T F T
T F F| x| F T T |=|F F T
T T T T F T T T T
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Boolean Matrix Multiplication and Set Intersection
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C;,; =T if and only if there exists an £s.t. A; p =By ; =T
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Boolean Matrix Multiplication and Set Intersection

A B C
T F T ] I F T T F T ]
T\ F F| x| F T T |=|F FI|T
T T T T F T T T T

C;,; =T if and only if there exists an £s.t. A; p =By ; =T
Eg. Co 3 =T, A1 = B13=T,s0f =1
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Boolean Matrix Multiplication and Set Intersection

A B C
T F T ] I F T T F T ]
T\ F F| x| F T T |=|F FI|T
T T T T F T T T T

C;,; =T if and only if there exists an £s.t. A; p =By ; =T
Eg. Co 3 =T, A1 = B13=T,s0f =1
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Boolean Matrix Multiplication and Set Intersection
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A
T F T
T T T

~N N

N T Q
N NS

C;,; =T if and only if there exists an £s.t. A; p =By ; =T
Eg. Co 3 =T, A1 = B13=T,s0f =1

Let A,,/ = {j | A’L,j = T} and B.7 = {’L ‘ B’i,j = T}

Then Cz,j = T if and onIy if Az' M Bg 75 f)
Eg. Ay = {1}, Bs = {1,2,3}. Ao N Bg = {1} # 0 = 0273 =1
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Annotate each leaf with the
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Two Patterns - Simple Solution

Build suffix tree on concatenation of the documents
S =d1$d2%---$dp$

Py Annotate each leaf with the
P2 document id the suffx starts in

Query: P1 and P>

45476 4899123

A B
Report: A NB

Jesper Sindahl Nielsen
IMmabDbalLGO ~--~". -." 5/8 /v



[

A

Two Patterns - Reduction from Matrix
Multiplication

Jesper Sindahl Nielsen
IMmabDbalLGO ~--~". -." 6/8 /v



[

A

Two Patterns - Reduction from Matrix

Multiplication
A B - c
1T F T F F T
T F F | X F T T | =
T T T| | T FT| | }
Ci’j:T<:>E|£st
Aj g =By ;=T
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Two Patterns - Reduction from Matrix

Multiplication

1 (1| F T F F T

2 1|1 F F | X F T T | =

3|t T 7| | T F T| | B
C,,;jo@EIEst
Ai:e:Be,j:T

& = 142434
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Two Patterns - Reduction from Matrix

Multiplication
11T |F| T F F T
2 | 1T |F| F | X F T T | =
3| T |1 ] | T F T| | B
Cij=T¢>E|£st
Ai:e:Be,j:T
dit = 1#2#3#
dj = 34
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Two Patterns - Reduction from Matrix

Multiplication
1| 1T F |T F F T
2 | 1T F |F|| X F T T | =
3| T T |T T F T }

di = 142434

dy = 3#
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Two Patterns - Reduction from Matrix

Multiplication

A B
1| T F T [T F T]]
o\ T F F| x| F T T
3| T T T T F T
4 5 6

dft = 142#34#  dP = 6#
dy = 3#
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Two Patterns - Reduction from Matrix

Multiplication
1| 7T F T F F T
2| 1T F F | X oA T =
3| T T T| | T F T| | -
156 A= B, =T

dit = 142434 df = 6%
dj = 34 dy = 5463
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Two Patterns - Reduction from Matrix

Multiplication
1| 7T F T F F T
2| 1T F F | X F T T | =
3| T T T| |T_F 1| | -
156 A= B, =T

dit = 142434 df = 6%
dj = 34 dy = 5463

df = 1434 dF = 4#6#
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Two Patterns - Reduction from Matrix

Multiplication

T
F X
T

< KM

~ &N

di = 142434

/]

[/

[/

ds = 1#3#4H64

5 = 4464

di = 1434
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Two Patterns - Reduction from Matrix

Multiplication
_ A _ B B B B C B
1 [T F T F F T
ol T F F|lx | F T T | =
s\ T 7| |T F T| | )
4 b 6 izz = g;j aze;t
A = 142434 dB =64 di = 1H2H3H0#
dj' = 34 B = 5464  da = 3H5H#6#
di = 1334 B — Aue4  dy = 14344H6H

Query: P1=1 = 4
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Two Patterns - Reduction from Matrix

Multiplication
_ A _ B B B B C B
1 [T F T F F T T
ol T F F|lx | F T T | =
s\ T 7| |T F T| | )
4 b 6 izz = g;j aze;t
A = 142434 dB =64 di = 1H2H3H0#
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Two Patterns - Reduction from Matrix

Multiplication
_ A _ B B B B C B
1 [T F T F F T T F
ol T F F|lx | F T T | =
s\ T 7| |T F T| | )
A = 1#2#34  dB =64  di = 1H2H3H46#
dj' = 34 B = 5464  da = 3H5H#6#
di = 1334 B — Aue4  dy = 14344H6H
Query 1=1 5=5 .7'—|-3€d§<:>Be,j'=T
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Two Patterns - Reduction from Matrix

Multiplication
_ A _ B B B B C B
1 [T F T F F T T F T
ol T F F|x|F T T|=|F F T
s|T7T T 7| |T FT| |T )
4 b 6 izz = g;j aze;t
A = 1#2#34  dB =64  di = 1H2H3H46#
dj' = 34 B = 5464  da = 3H5H#6#
di = 1334 B — Aue4  dy = 14344H6H

iEdE@Ai’e:T

M Jesper Sindahl Nielsen ’ ¢ B
‘ maDaLGD - = =" 6/8 /v




Two Patterns - Reduction from Matrix

Multiplication
_ A _ B B B B O -
1 [T F T F F T T OF T
ol T F F| x| F T T|=|F F T
s|T7T T 7| |T FT| |T )
4 b 0 izz = g;j aze;t
A = 142434 dB =64  di = 1#2#3#6#
dj' = 34 B = 5464  da = 3H5H#6#
di = 1334 B — Aue4  dy = 14344H6H
— _ icdy e Ay o =T
Query: =3 2= 5 j—I—SEdE:Be:i:T
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Two Patterns - Reduction from Matrix

Multiplication
_ A _ B B B B O -
1 [T F T F F T T F T
ol T F F|lx | F T T|=|F F T
s\ r | |T FT| |T T
4 b 6 izz = g;j aze;t
A = 142434 dB =64  di = 1#2#3#6#
dj' = 34 B = 5464  da = 3H5H#6#
di = 1334 B — Aue4  dy = 14344H6H
Query 1=3 B=5 j—|-3€d§<:>Be,j'=T
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Two Patterns - Reduction from Matrix

Multiplication
_ A _ B B B B O -
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= either Q(n''®) construction time or Q(nt-®)
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Summary

Current best matrix multiplication algorithm:

O(/n2-3728639) _ (5, 118643195) (41achraic)
O(yv/n°) = O(n'®) (combinatorial)

Reduction: Construction + n queries solve matrix multiplication

= either Q(n''®) construction time or Q(nt-®)
Q(nt 18 /n) = Q(n°1®) time per query Q(n'°/n) = Q(v/n)

(we lose a log factor in the reduction)

Recall Hon et. al: O(n) space and O(4/n) counting
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Common Colors - Warm Up

Given two intervals, are their colors disjoint?
1 2 3 4 5 6 7 & 9 10 11 12

. e e e J
Y Y Y Y

Blocks: 1 2 3 4
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Common Colors - Warm Up

Given two intervals, are their colors disjoint?
1 2 3 4 5 6 7 & 9 10 11 12

BIocks:T ? T T

| TITITOTo Query: [1,7], [9, 12]
211111110
310111110
41010(0]1
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Common Colors - Warm Up

Given two intervals, are their colors disjoint?
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| TITITOTo Query: [1,7], [9, 12]
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Common Colors - Warm Up

Given two intervals, are their colors disjoint?
1 2 3 4 5 6 7 & 9 10 11 12

Blocks: T ? T T

| 1 2 3 4 1 19
1 1 1 O O Query' [ 77]’ [97 ]
211111110 Check remaining indices
31011110
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'} Jesper Sindahl Nielsen
2
. 10/8 / A\ " 4

IMMabDAlLGO ".-". -.~

i



Common Colors - Warm Up

Given two intervals, are their colors disjoint?
1 2 3 4 5 6 7 & 9 10 11 12

Blocks: T ? T T
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Common Colors - Warm Up

Given two intervals, are their colors disjoint?
1 2 3 4 5 6 7 & 9 10 11 12

Blockss: 1 2 3 4
|—> . % % 8 g Query: [1,7], |9, 12]
211111110 Check remaining indices
310[1]1]0 @ Occursat 7 and 9
4101001 (1D range emptiness)
(RMQ)
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ldea: Build 'balanced’ binary tree on colors

Each node has an associated color

Each node induces a subset of colors
corresponding to the nodes in its subtree
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Common Colors - Reporting

ldea: Build 'balanced’ binary tree on colors

Each node has an associated color

Each node induces a subset of colors
corresponding to the nodes in its subtree

Algorithm: Preorder traversal of the tree

2 queries at node u:

1. is color u in the output?
2. |Is there a color in its subtree in the output?
e Yes: Continue traversal
e No: Skip subtree
e Yes+toutput: Report result and skip subtree
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Common Colors - Color Tree

5 6 7 &8 9 10 11 12

3 4
- o0 [ 0 o000

—
(\V)
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Common Colors - Color Tree

5 6 7 &8 9 10 11 12

3
O

4
O @ oo

n. .= length of array at node u

1

Invariant: ny,,n,,. < 5Ny

— 2
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Common Colors - Color Tree

5 6 7 &8 9 10 11 12

3
O

4
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®
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I

2

3 4

n. .= length of array at node u

1

Invariant: ny,,n,,. < 5Ny
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Is there a color from wu's subtree in the output?
1. Yes: Continue traversal

2. No: Skip subtree
3. Yes+output: Report result and skip subtree
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Common Colors - Query 2

Is there a color from wu's subtree in the output?
1. Yes: Continue traversal

2. No: Skip subtree
3. Yes+output: Report result and skip subtree

1 2 3 4 5 6 7 8 9 10 11 12

Blocks: T }ﬁ ? T
1 2 3 4
111100

My, . 211(1[1]0 (n., entries in total)
310(1]1]0
410(0(01
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Common Colors - Query 2

Is there a color from wu's subtree in the output?
1. Yes: Continue traversal (O(logn/loglogn))
2. No: Skip subtree
3. Yes+output: Report result and skip subtree

1 2 3 4 5 6 7 8 9 10 11 12

Blocks: T }ﬁ ? T
1 2 3 4
111100

My, . 211(1[1]0 (n., entries in total)
310(1]1]0
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Common Colors - Query 2

Is there a color from wu's subtree in the output?

1. Yes: Continue traversal

2. No: Skip subtree
3. Yes+output: Report result and skip subtree

(O(logn/loglogmn))

| (O (v 1og® )

1 3 4 5 6 7 8 9 10 11 12
L JL o 0000
Blocks: T }ﬁ ? T

1 234
111100

Moy . 21111110 (n., entries in total)
30110
410(0(0 |1
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Common Colors - Time Analysis

How much of the Color Tree is traversed?
Every ancestor of a leaf must have a color from its subtree in the ouput

Tree is of height O(log n)
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How much of the Color Tree is traversed?
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Tree is of height O(logn) = O(klogn) nodes + leaves are traversed
Time per internal node: O (log n)
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How much of the Color Tree is traversed?
Every ancestor of a leaf must have a color from its subtree in the ouput
Tree is of height O(logn) = O(klogn) nodes + leaves are traversed

Time per internal node: O (log n)
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Common Colors - Time Analysis

How much of the Color Tree is traversed?
Every ancestor of a leaf must have a color from its subtree in the ouput

Tree is of height O(logn) = O(klogn) nodes + leaves are traversed

Time per internal node: O (log n)
O(y/my log® n) = O <\/'n, : (%)depth(u) log® 'n,)

Time per leaf u:

In total: O (k: 1og2 n + Z \/n : (%)depth(ﬁ) log® n) —

f € leaves
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Common Colors - Time Analysis

How much of the Color Tree is traversed?
Every ancestor of a leaf must have a color from its subtree in the ouput
Tree is of height O(logn) = O(klogn) nodes + leaves are traversed

Time per internal node: O (log n)
O(y/my log® n) = O <\/'n, : (%)depth(u) log® 'n,)

Time per leaf u:

In total: O (k: 1og2 n + Z \/n : (%)depth(ﬁ) log® n) —
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How much of the Color Tree is traversed?
Every ancestor of a leaf must have a color from its subtree in the ouput
Tree is of height O(logn) = O(klogn) nodes + leaves are traversed

Time per internal node: O (log n)
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Common Colors - Time Analysis

How much of the Color Tree is traversed?
Every ancestor of a leaf must have a color from its subtree in the ouput
Tree is of height O(logn) = O(klogn) nodes + leaves are traversed

Time per internal node: O (log n)
O(y/my log® n) = O <\/'n, : (%)depth(u) log® n)

Time per leaf u:

In total: O (k: 1og2 n + Z \/n : (%)depth(ﬁ) log® n) —

f € leaves

O (k log2 n + vnlogt n Zﬁeleaves(%>depth(£)/2) —

O (k log2 n + /nlog® n > ¢ Cleaves \/T(%)depth(ﬁ)/2) —
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Common Colors - Time Analysis

How much of the Color Tree is traversed?
Every ancestor of a leaf must have a color from its subtree in the ouput

Tree is of height O(logn) = O(klogn) nodes + leaves are traversed

Time per internal node: O (log n)
O(y/my log® n) = O <\/'n, - (%)depth(u) log® n)

Time per leaf u:

In total: O (k: 1og2 n + Z \/n : (%)depth(ﬁ) log® n) —

f € leaves

k log2 n + v/nlog® n ZEGIeaves(%)depth(z)/Q) =

O
O (k log2 n + /nlog® n > ¢ Cleaves \/T(%)depth(ﬁ)/2) —

2 1 \depth (£ _
klog“ n + /nlog® n\/zﬁeleaves 1Z£€|eaves(§) epth( )> =

k log2 n 4+ v/n log® nvk log n) = O (k log2 n + vVnk 10g1/2+8 n)

Y U

O
@)
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Common Colors - Space Analysis

Color Tree: < n nodes and < logn levels

Each level uses O(n) bits for the rank/select structures
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Each level uses O(n) bits for their matrices and RMQ
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Common Colors - Space Analysis

Color Tree: < n nodes and < logn levels

Each level uses O(n) bits for the rank/select structures
= O(nlogn) bits = O(n) words

Each level uses O(n) bits for their matrices and RMQ
= O(nlogn) bits = O(n) words

Range emptiness for each color: O(n) words in total
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Common Colors - Space Analysis

Color Tree: < n nodes and < logn levels
Each level uses O(n) bits for the rank/select structures
= O(nlogn) bits = O(n) words

Each level uses O(n) bits for their matrices and RMQ
= O(nlogn) bits = O(n) words

Range emptiness for each color: O(n) words in total

Range predecessor/successor: O(n) words in total
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Common Colors - Space Analysis

Color Tree: < n nodes and < logn levels

Each level uses O(n) bits for the rank/select structures
= O(nlogn) bits = O(n) words

Each level uses O(n) bits for their matrices and RMQ
= O(nlogn) bits = O(n) words

Range emptiness for each color: O(n) words in total
Range predecessor/successor: O(n) words in total

The structure uses linear space, i.e. O(n) words
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