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Motivation

Synthesizing Novel Genes

design goal
synthesize a long duplex of DNA/RNA

5'- TGGCTATCTTAARAAAGAGGAGCTAGAAAAAAGGTACATCAGGAGCCAGCTAAACGCTCTTCTAAAATCTCCGACGAAGCCA -3'

3'- ACCGATAGAATTTTTCTCCTCGATCTTTTTTCCATGTAGTCCTCGGTC! GA TGCTTCGGT -5
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Synthesizing Novel Genes

design goal
synthesize a long duplex of DNA/RNA

(some) challenges

@ only short fragments can be synthesized reliably

5'- TGGCTATCTTAARAAAGAGGAGCTAGAAAAAAGGTACATCAGGAGCCAGCTAAACGCTCTTCTAAAATCTCCGACGAAGCCA -3'

3'- ACCGATAGAATTTTTCTCCTCGATCTTTTTTCCATGTAGTCCTCGGTC! GA TGCTTCGGT -5
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Motivation

Synthesizing Novel Genes

design goal
synthesize a long duplex of DNA/RNA

(some) challenges
@ only short fragments can be synthesized reliably

o fragments must cover duplex
o fragments must self-assemble correctly

TGGCTATCTTAAAAAGA GGAGCTAGAAAAAAGGTACATCAGGAGCCAGCTAAACGCTCTTCTAAAATCTCCGACGAAGCCA -3'

5'-
G.AGA IGCTTCGGT -5'

3'- ACCGATAGAATTTTTCTCCTCGA)CTTTTTTCCATGTAGTCCTCGGIC

(o

0.

J
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Motivation

Collision Example

Fragments c and g are:
o identical

@ on the same strand

b d f h
5 [CATTAATCGCAl——{GGGATCGATTCGTT}—— CCTGAATCGAGCAA——GGGAAACTGCAAACG] 3'
3' [TTACGCGTAAGTAA——|EETTATGGTCCCT— GCAAACGTCAA t [€GTTATGGTCCCE——— 5
—_—
a c € g
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The collision-free string partition problems Problem definition
Results summary

K-partition

Definition (K-partition of a string w)

A K-partition of a string w is a sequence P = py, p>, ..., py for some /¢
such that w = p1pp...pe and foreach i =1,...¢, [pi| < K.

mississippi

P1 P2 P3 Pa Ps5 Pe

Condon, Maiiuch and Thachuk The complexity of string partitioning




The collision-free string partition problems Problem definition
Results summary

K-partition

Definition (K-partition of a string w)

A K-partition of a string w is a sequence P = py, p>, ..., py for some /¢
such that w = p1pp...pe and foreach i =1,...¢, [pi| < K.
We say: pi1,...,py are selected and for any i < j, string p;pjt1...pj is

super-selected.

mississippi

P1 P2 P3 Ps Ps5 Pe
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The collision-free string partition problems Problem definition
Results summary

K-partition

Definition (K-partition of a string w)

A K-partition of a string w is a sequence P = py, p>, ..., py for some /¢
such that w = p1pp...pe and foreach i =1,...¢, [pi| < K.

We say: pi, ..., p; are selected and for any i < j, string p;jpj1...p;j is
super-selected.

= 5 -
missisgs PRl

P1 P2 P3 Pa Ps5 Pe
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The collision-free string partition problems Problem definition
Results summary

K-partition

Definition (K-partition of a string w)

A K-partition of a string w is a sequence P = py, p>, ..., py for some /¢
such that w = p1pp...pe and foreach i =1,...¢, [pi| < K.

We say: pi,...,pe are selected and for any i < j, string p;pjt1...pj is
super-selected.

Definition (K-partition of a set of strings W)

A K-partition of a set of strings W is a set of K-partitions of all strings

in W.
._.&.._t.
mississippi , tage gg
P1 P2 P3 Ps Ps5 Pe aggegc
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The collision-free string partition problems Problem definition
Results summary

Problem definition

X-Free String Partition (X-SP) Problem

Instance Finite alphabet ¥, a positive integer K, and a string w
from *.
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The collision-free string partition problems Problem definition
Results summary

Problem definition

X-Free String Partition (X-SP) Problem

Instance Finite alphabet ¥, a positive integer K, and a string w
from *.

Question Is there an X-free, K-partition P of w?
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The collision-free string partition problems Problem definition
Results summary

Problem definition

X-Free String Partition (X-SP) Problem

Instance Finite alphabet ¥, a positive integer K, and a string w
from *.

Question Is there an X-free, K-partition P of w?

X-Free Multiple String Partition (X-SP) Problem

Instance Finite alphabet ¥, a positive integer K, and a set of
strings W from X*.

Question Is there an X-free, K-partition P of W?
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The collision-free string partition problems Problem definition
Results summary

Types of collisions

Types of collisions we consider

& v

mississippi mississippi

X
equality (E)
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The collision-free string partition problems Problem definition
Results summary

Types of collisions

Types of collisions we consider

& v

mississippi mississippi

X
equality (E)

factor (F) miss I“S S“I pp I m I“S S“I S“S I ppI

Condon, Maiiuch and Thachuk The complexity of string partitioning



The collision-free string partition problems Problem definition
Results summary

Types of collisions

Types of collisions we consider

& v

mississippi mississippi

X

equality (E)
factor (F)
prefix (P)

mississippi mississippi

mississippi mississippi
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The collision-free string partition problems Problem definition
Results summary

Results

X ‘ constant partition size K constant alphabet size L
equality (E)

factor (F)

prefix (P)

Note.

If both K and L are constant, then any string longer than

L+ L%+ - 4 L¥ does not have an X-free K-partition. Since the
number of strings shorter or equal to this number is constant, the
problem can be solved in constant time.

Similarly, the problem is easily solvable for the unary alphabet (L = 1) or
the partition size K = 1.
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The collision-free string partition problems Problem definition
Results summary

Results

Previous results

X | constant partition size K | constant alphabet size L
equality (E) | NP-c for K =2 NP-c for L =4

factor (F)

prefix (P)
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The collision-free string partition problems Problem definition
Results summary

Results

X | constant partition size K | constant alphabet size L
equality (E) | NP-c for K =2 NP-c for L =2
factor (F) NP-c for K =3 NP-c for L =2
prefix (P) NP-c for K =2 NP-c for L =2
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of EF-MSP (partition size K =
of EF-SP (partition size K =
Complexity proofs g of EF-MSP (alphabet size L =

Complexity of EF-SP (alphabet size L = 2)

Chain of reductions

oy PEMSP(L=2) - » PF-SP(L=2)
PF-MSP(K=2) 17"
o > PF-SP(K=2)
.......... , FF-SP(K=3)
> FF-MSP(L=2) ----vr-eo- » FF-SP(L=2)
P » EF-SP(K=2)
EF-MSP(K=2) ;"""
Y EF-MSP(L=2) «--vvvev » EF-SP(L=2)
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of EF-MSP (partition size K =
of EF-SP (partition size K = 2)
Complexity proofs of EF-MSP (alphabet size L =

of EF-SP (alphabet size L = 2)

Chain of reductions

— PF-MSP(L:2) ........... > PF-SP(L:Z)
PFE-MSP(K=2) """
Y > PF-SP(K=2)
__________ , FF-SP(K=3)
5 FF-MSP(L:2) ........... > FF-SP(L:Z)
PR , EF-SP(K=2)
EF-MSP(K=2) """
S EF-MSP(L=2) --------- » EF-SP(L=2)

3SAT(3) Problem

Instance A formula ¢ with a set C of clauses over a set X of
variables in conjunctive normal form such that:

@ every clause contains 2 or 3 literals,
@ each variable occurs in exactly 3 clauses,
once negated and twice positive

Question Is ¢ satisfiable?
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of EF-SP (alphabet size L = 2)

Chain of reductions

— PF-MSP(L:2) ........... > PF-SP(L:Z)
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__________ , FF-SP(K=3)
5 FF-MSP(L:2) ........... > FF-SP(L:Z)
P , EF-SP(K=2)
EF-MSP(K=2) """
sy EF-MSP(L=2) - » EF-SP(L=2)

3SAT(3) Problem

Instance A formula ¢ with a set C of clauses over a set X of
variables in conjunctive normal form such that:

@ every clause contains 2 or 3 literals,
@ each variable occurs in exactly 3 clauses,
once negated and twice positive

Question Is ¢ satisfiable?
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Complexity of EF-MSP (partition size K

Complexity of EF-SP (partition size K
Complexity proofs Complexity of EF-MSP (alphabet size

Complexity of EF-SP (alphabet size L = 2)

Complexity of EF-MSP (K = 2)

Equality-free Multiple String Partition Problem (EF-MSP) for K =2 is
NP-complete.

........... N EF—SP(K=2)

3SAT(3) --voveveeee » EF-MSP(K=2) :7""""" > EF-MSP(L=2) .- » EF-SP(L=2)
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Complexity of EF-MSP (partmon size K

of EF-SP (partition size K =

Complexity proofs e e MSP (alpha e L
Complexity of EF-SP (alphabet size L =

Reduction Overview

For an arbitrary 3SAT(3) instance, ¢, with clause set C over variable set
X, construct an EF-MSP (K = 2) instance as follows:
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Complexny of EF-MSP (partltlon size K
EF

Complexity proofs e SP (alphabst size L
y of EF-SP (alphabet size L = 2)

Reduction Overview

For an arbitrary 3SAT(3) instance, ¢, with clause set C over variable set
X, construct an EF-MSP (K = 2) instance as follows:

Q set
2= {)?,'; X,'EX} @] {6‘,], CiEC/\j§|C;|} @] {E|,EE|}

[0 symbol for each variable

L] symbol for each literal
[ forbidden symbols
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Complexity of EF-MSP (partltlon size K
y of EF-SP (partition size K
Complexity proofs e e f EF-MSP (alphabet size L =
Complexity of EF-SP (alphabet size L = 2)

Reduction Overview

For an arbitrary 3SAT(3) instance, ¢, with clause set C over variable set
X, construct an EF-MSP (K = 2) instance as follows:

Q set
2= {)?,'; X,'EX} @] {6‘,], CiEC/\j§|C;|} @] {E|,EE|}

[0 symbol for each variable
L] symbol for each literal
[ forbidden symbols

@ set of stringg W=CUEUF

C encodes the clauses of ¢
& ensures selected literals in C are consistent

F = {B, B} ensures forbidden substrings are not selected in CUE
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Complexity of EF-MSP (partition size K

Comple: f EF-SP (partition size K =
Complexity proofs Complexi SP (alphabet size L =

Complexity of EF-SP (alphabet size L = 2)

Constructing C

@ For each clause ¢; € C, create the it clause string:

|ci|?
2 3
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Complexity of EF-MSP (partition size K =
Compl / of EF-SP (partition size K =

Complexity proofs Compl ) of EF-MSP (alphabet size L = 2
Complexity of EF-SP (alphabet size L = 2)

Constructing C

@ For each clause ¢; € C, create the it clause string:

|ci|?
2 3

@ Since H is selected in F, we have only the following equality-free
2-partitions of clause strings:

. R Al 22 23
P = 2 G B ¢ B &

I

b 2L g ]
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Complexity of EF-MSP (partmon size K

of EF-SP (partition size K =

Complexity proofs e e MSP (alpha e L
Complexity of EF-SP (alphabet size L =

Constructing C

@ For each clause ¢; € C, create the it clause string:

|ci|?
2 3

@ Since H is selected in F, we have only the following equality-free
2-partitions of clause strings:

. R Al 22 23
P = 2 G B ¢ B &

I

b 2L g ]

If no string from F is selected, exactly one literal symbol is selected for
each clause string in any equality-free 2-partition of C.
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Complexity of EF-MSP (partmon size K
of EF-SP (partition size K =
e L

Complexity proofs e e MSP (alpha
Complexity of EF-SP (alphabet size L =

Constructing £

@ For each variable x, € X, create the vt" enforcer string:

o where 6,-” and &7 are the two positive occurrences,
e and ¢ is the negated occurrence

Given that no string from F is selected, any equality-free 2-partition of
C U €& must be ‘“consistent”.
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Complexity of EF-MSP (partition size K = 2)
Complexity of EF-SP (partition size K = 2)
Complexity proofs g of EF-MSP (alphabet size L = 2

y of EF-SP (alphabet size L = 2

In all possible 2-partitions (9), there are two cases:

(i) &/ is selected: then &; cannot be selected in C
(= all selected literals of x, in C are positive)

& B &g & & x & m &

i L i L

b ————— :
— p e —

P — . ppa—

. pa— pPa— e

L d L d e e— —— el
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Complexity of EF-MSP (partition size K = 2)
of EF-SP (partition size K = 2)
Complexity proofs g ) of EF-MSP (alphabet size L = 2

y of EF-SP (alphabet size L = 2

In all possible 2-partitions (9), there are two cases:

(i) &/ is selected: then &; cannot be selected in C
(= all selected literals of x, in C are positive)

& B &g & & x & m &

i L i L

b ————— :
— p e —

P — . ppa—

. pa— pPa— e

L d L d e e— —— el

(i) & and ¢/ are selected: neither can be selected in C
(= all selected literals of x, in C are negated)

~p Ar A N Ar ~q
C,- . [aa) Ci Xy Ci Xy Cy H . C!'
o i i qo o i B 0
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Complexity of EF-MSP (partition size K = 2)
Complexity of EF-SP (partition size K =
Complexity proofs Complexity of EF-MSP (alphabet size L

Complexity of EF-SP (alphabet size L =

In all possible 2-partitions (9), there are two cases:

(i) &/ is selected: then &; cannot be selected in C
(= all selected literals of x, in C are positive)

& m & X & % & @ &
e — A\ & d L d
b— pa— ra— :
— P pa——
P — p pa—
. pa— pa— ppa—
L d L d e e— —— el
o P pa— P S

(i) € and ¢ are selected: neither can be selected in C
(= all selected literals of x, in C are negated)

Ap ar ~ NG ~ Ar ~q
G B & X &g X &g H G

@ There are equality-free 2-partitions of the enforcer string for the 4
consistent assignments to the 3 literals of variable x,.
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Complexity of EF-MSP (partition size K = 2)
Complexity of EF-SP (partition size K =
Complexity proofs Complexity of EF-MSP (alphabet size L

Complexity of EF-SP (alphabet size L =

In all possible 2-partitions (9), there are two cases:

(i) &/ is selected: then &; cannot be selected in C
(= all selected literals of x, in C are positive)

& B &g & & x & m &

i L i L

b ————— :
— p e —

P — . ppa—

. pa— pPa— e

L d L d e e— —— el

(i) & and ¢/ are selected: neither can be selected in C
(= all selected literals of x, in C are negated)
- At o ar o a A
g .8 &, &k, & X, & B, &
L 1 i L L T — D

@ There are equality-free 2-partitions of the enforcer string for the 4
consistent assignments to the 3 literals of variable x, .

@ reduction is in poly time/space (the total length of strings in
CUEU.F is at most 5/C| + 9| X]| + 2
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Complexity of EF-MSP (partition size K = 2)
Complexity of EF-SP (partition size K = 2
Complexity proofs Complexity of EF-MSP (alphabet size 2)

Complexity of EF-SP (alphabet size L = 2)

Complexity of EF-SP (K = 2)

Equality-free String Partition Problem (EF-SP) for K =2 is
NP-complete.

........... > EF—SP(K:2)

3SAT(3) ---vevevee » EF-MSP(K=2) :7""""" > EF-MSP(L=2) .- » EF-SP(L=2)
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Complexity of EF-MSP (partition size K = 2)

Complexity of EF-SP (partition size K = 2)
Complexity proofs Complexity of EF-MSP (alphabet size L =

Complexity of EF-SP (alphabet size L =

Reduction

EF-MSP instance /

@ alphabet X
e K=2
o W=

{wi,...,Wn}

The complexity of string partitioni




Complexity of EF-MSP (partition size K

Complexity of EF-SP (partition size K
Complexity proofs Complexity of EF-MSP (alphabet size L

Complexity of EF-SP (alphabet size L =

Reduction
EF-MSP instance / EF-SP instance /
@ alphabet - @ alphabet ¥ =Y U {[,d1,...,dn_1}
o K=2 e K=K=2
oW = o w=[HHEOHBwd OHdiwed> [
{wi, ..., wp} dy ... dp1 EEOdm_1Wm
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-MSP (partition size K
(partition size K
Complexity proofs Complexity of EF-MSP (alphabet size L =
Complexity of EF-SP (alphabet size L = 2)

Reduction
EF-MSP instance / EF-SP instance /
@ alphabet - @ alphabet ¥ =Y U {[,d1,...,dn_1}
o K=2 e K=K=2
oW = o w=[HHEOHBwd OHdiwed> [
{wi, ..., wp} dy ... dp1 EEOdm_1Wm

The following substrings have to be selected in a valid 2-partition w:
OQUODUBEHwdOUOdwdOOd ... dpald Hdpwy

[ S
[ S —
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-MSP (partition size K
(partition size K
Complexity proofs Complexity of EF-MSP (alphabet size L =
Complexity of EF-SP (alphabet size L = 2)

Reduction
EF-MSP instance / EF-SP instance /
@ alphabet - @ alphabet ¥ =Y U {[,d1,...,dn_1}
o K=2 e K=K=2
oW = o w=[HHEOHBwd OHdiwed> [
{wi, ..., wp} dy ... dp1 EEOdm_1Wm

The following substrings have to be selected in a valid 2-partition w:
OUbOUBEwdOUdwdOOddh ... dpeal] Cdywy

[ S —
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Complexity of EF-MSP (partition size K

Complexity of EF-SP (partition size K
Complexity proofs Complexity of EF-MSP (alphabet size L

Complexity of EF-SP (alphabet size L = 2)

Reduction
EF-MSP instance / EF-SP instance /
@ alphabet - @ alphabet ¥ =Y U {[,d1,...,dn_1}
o K=2 e K=K=2
oW = o w=[HHEOHBwd OHdiwed> [
{wi, ..., wp} dy ... dp1 EEOdm_1Wm

The following substrings have to be selected in a valid 2-partition w:
DO OEHBwWdOEdwdHd ... deal Od, W,

[ S —

@ All strings wy, wa, ..., W, are super-selected.
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Complexity of EF-MSP (partition size K
Complexity of EF-SP (partition size K =
Complexity proofs Complexity of EF-MSP (alphabet size L

Complexity of EF-SP (alphabet size L = 2)

Reduction
EF-MSP instance / EF-SP instance /
@ alphabet - @ alphabet ¥ =Y U {[,d1,...,dn_1}
o K=2 e K=K=2
oW = o w=[HHEOHBwd OHdiwed> [
{wi, ..., wp} dy ... dp1 EEOdm_1Wm

The following substrings have to be selected in a valid 2-partition w:
DO OEHBwWdOEdwdHd ... deal Od, W,

[ S —

@ All strings wy, wa, ..., W, are super-selected.

@ A valid 2-partition of w contains a valid 2-partition of W, and a
valid 2-partition of YW can be extended to a valid 2-partition of w.
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Complexity of EF-MSP (partition size K
xity of EF-SP (partition size K
Complexity proofs pl of EF-MSP (alphabet size
Complexity of EF-SP (alphabet size L = 2)

Complexity of EF-MSP (L = 2)

Equality-free Multiple String Partition Problem (EF-MSP) with binary
alphabet (L = 2) is NP-complete.

........... > EF—SP(K:2)

3SAT(3) oovveveeeeee » EF-MSP(K=2) ://""" > EF-MSP(L=2) - » EF-SP(L=2)
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SP (partition size K =
of EF-SP (partition size K =
Complexity proofs Complexity of EF-MSP (alphabet size L = 2)
Complexity of EF-SP (alphabet size L = 2)

Reduction

EF-MSP instance /

@ alphabet ¥ =
{31,...,31_}

e K=2

e W=

{wi,...,Wn}

The complexity of string partitioni




Complexity of EF-MSP (partition size K =

Complexity of EF-SP (partition size K = 2
Complexity proofs Complexity of EF-MSP (alphabet size

Complexity of EF-SP (alphabet size L = 2

Reduction

EF-MSP instance / EF-MSP instance |

° ?'Phabet Z}: @ alphabet ¥ = {0,1}
dly...,dl _
@ K =24, where § > logL
e K=2
o W=

{wi,...,Wn}
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Complexity of EF-MSP (partition size K =

Complexity of EF-SP (partition size K = 2
Complexity proofs Complexity of EF-MSP (alphabet size

Complexity of EF-SP (alphabet size L = 2

Reduction

EF-MSP instance / EF-MSP instance |

° ?'Phabet Z}: @ alphabet ¥ = {0,1}
dly...,dl _
@ K =24, where § > logL
o K=2
@ encode each letter a; in ¥ with a binary string
W=

¢ € C of length §

{wi,...,Wn}
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ity of EF-MSP (partition size K
y of EF-SP (partition size K =
Complexity proofs of EF-MSP (alphabet size
Complexity of EF-SP (alphabet size L = 2

Reduction

EF-MSP instance / EF-MSP instance |
@ alphabet ¥ = alphabet ¥ = {0,1}

{31,...,31_} _
@ K =24, where § > logL
e K=2

encode each letter a; in ¥ with a binary string
o W= ¢ € C of length §

{wi,...,Wn}

@ let h: ¥* — £* be homomorphism defined by
h(a;) = c;, forevery i=1,...,L
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Complexity of EF-MSP (partition size K = 2)

Complexity of EF-SP (partition size K = 2)
Complexity proofs Complexity of EF-MSP (alphabet size L = 2)

Complexity of EF-SP (alphabet size L = 2)

Reduction

EF-MSP instance / EF-MSP instance |

@ alphabet > = @ alphabet & = {0,1}
{31, Ceay a[_}

o K =26, where § > log L
e K=2
@ encode each letter a; in ¥ with a binary string
o W= ¢ € C of length §

{wi,...,Wn}

@ let h: ¥* — £* be homomorphism defined by
h(a;) = c;, forevery i=1,...,L

W ={h(w1),...,h(cm)}U
{prefix;(c); ce C,i=1,...,6 —1}U
{prefix;(cd); c,d e C,i=d6+1,...,26 — 1}
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of EF-MSP (partition size K = 2)
o of EF-SP (partition ¢
Complexity proofs Complexity of EF-MSP (alphabet size L = 2)
Complexity of EF-SP (alphabet size L = 2)

Reduction Example

EF-MSP instance /

@ alphabet ¥ =
{a,b,c,d, e}

e K=2

oW =
{a, bc, de, ea}
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Complexity of EF-MSP (partition size K = 2)

Complexity of EF-SP (partition size K = 2)
Complexity proofs Complexity of EF-MSP (alphabet size L = 2)

Complexity of EF-SP (alphabet size L = 2)

Reduction Example

EF-MSP instance / EF-MSP instance [
@ alphabet ¥ = @ alphabet ¥ = {0,1}
{av b,C,d,e} L
=3 K=6
e K=2
e C = {000,001,010,011,100}
o W= _
e B, s, ) e W ={000,001010,011100, 100000,

0,1, 00,01, 10,
0000, 0001, 00000, 00001, 00010,

1000, 1001, 10000, 10001, 10010}
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Reduction Example

EF-MSP instance / EF-MSP instance |

@ alphabet ¥ = @ alphabet ¥ = {0,1}
{a7b,c,d,e} 2 174
o K ’//%—»—:\‘\
—— C = {000,001, 010,011,100}
oW =
(2. be, de, ea) e W = {000,001010,011100, 100000,

0,1, 00,01, 10,
0000, 0001, 00000, 00001, 00010,

1000, 1001, 10000, 10001, 10010}
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Reduction Example

EF-MSP instance / EF-MSP instance |

@ alphabet ¥ = @ alphabet {0 1}
{a7b,c,d,e}

° K\&( /4%

— ° { 00,001, 010,011,100}
o W=

{a,bc,de,ea}___§\\\\§‘fﬁ;i;i000’001010’011100’100000’
0,1,00,01,10,

0000, 0001, 00000, 00001, 00010,

(JJ

/
IRI
/

1000, 1001, 10000, 10001, 10010}
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Complexity of EF-MSP (L = 2)

Equality-free Multiple String Partition Problem (EF-MSP) with binary
alphabet (L = 2) is NP-complete.

@ It can be shown by induction that each string in {prefix;(c); c €
C,i=1,...,0 — 1} U{prefix;(cd); c,d e C,i=6+1,...,26 — 1}
has to be selected complete.
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Complexity of EF-MSP (L = 2)

Equality-free Multiple String Partition Problem (EF-MSP) with binary
alphabet (L = 2) is NP-complete.

@ It can be shown by induction that each string in {prefix;(c); c €
C,i=1,...,0 — 1} U{prefix;(cd); c,d e C,i=6+1,...,26 — 1}
has to be selected complete.

@ It then follows that each string in {h(w1),..., h(wy)} has to be
partitioned into substrings of length § or 20.
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Complexity of EF-MSP (L = 2)

Equality-free Multiple String Partition Problem (EF-MSP) with binary
alphabet (L = 2) is NP-complete.

@ It can be shown by induction that each string in {prefix;(c); c €
C,i=1,...,0 — 1} U{prefix;(cd); c,d e C,i=6+1,...,26 — 1}
has to be selected complete.

@ It then follows that each string in {h(w1),..., h(wy)} has to be
partitioned into substrings of length § or 20.

@ Hence, a valid 20-partition of W can be translated to a valid
2-partition of W, and vice versa.
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Complexity of EF-MSP (L = 2)

Equality-free Multiple String Partition Problem (EF-MSP) with binary
alphabet (L = 2) is NP-complete.

@ It can be shown by induction that each string in {prefix;(c); c €
C,i=1,...,0 — 1} U{prefix;(cd); c,d e C,i=6+1,...,26 — 1}
has to be selected complete.

@ It then follows that each string in {h(w1),..., h(wy)} has to be
partitioned into substrings of length § or 20.

@ Hence, a valid 20-partition of W can be translated to a valid
2-partition of W, and vice versa.

@ The total length of new strings
[IW|| = 6|IW]| + (3L% + L)(§ — 1)§/2.
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Complexity of EF-SP (L = 2)

Equality-free String Partition Problem (EF-SP) with binary alphabet
(L =2) is NP-complete.

........... > EF—SP(K:2)

3SAT(3) oovveveeeeee » EF-MSP(K=2) """ ) ... (=
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Reduction overview

EF-MSP instance /
@ alphabet X = {0,1}
e K=26

o W= {w,...,wn}, where
each w; starts with 0
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Reduction overview

EF-MSP instance [/

EF-SP ins e
@ alphabet © = {0,1} @ alphabet ¥ = {0,1}
o K=20 o K=K=25

o W= {w,...,wn}, where
each w; starts with 0
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Reduction overview

EF-MSP instance / EF-SP instance /
o alphabet & = {0,1} @ alphabet ¥ = {0,1}
@ K=20 e K=K=25
@ W= {wi,...,Wn}, where @ W= widiweds...dy,_1Wp,, Where
each w; starts with 0 delimiter strings di, ..., dn_1 are

binary strings design in the way
that in any valid K-partition of w,
they are super-selected.
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Reduction overview

EF-MSP instance [/

EF-SP instance [

@ alphabet © = {0,1} @ alphabet ¥ = {0,1}

e K=26 e K=K=2

o W= {W17 SO W.m}v where @ W= widiwrds...dy, 1Wy,, Where
each w; starts with 0 delimiter strings di, ..., dn_1 are

binary strings design in the way
that in any valid K-partition of w,
they are super-selected.

Note. The length of w is ||[W|| + mK?2.
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Delimiter strings design

d 0(1)}(—1(1)K(K—1)/2(1)K—10
d; = chain(bin(j)) fori>1
bin(j) = binary representation of j without leading 1
) = pad_5/(s) pady | (s'1) padig | (s'1) pad ) (s'10) padff_ /(s'10)

chain(s'10’

. Padkf\s\(Sll(O)Fl) P3d$<7|s|(5/1(0)i71) pady_s/(s)
pad;(s) = 1710s
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Delimiter strings design

dy = 0(1)}(—1(1)K(K—1)/2(1)K—10
d; = chain(bin(j)) for i > 1
bin(j) = binary representation of j without leading 1
chain(s'107) = padj§ () pady_ | (s'1) padi |4 (s'1) pady_|(s'10) pad§§ | (s'10)
s
. padK,‘s‘(s'l(O)’;l) pad,R(,|5|(s'1(0)i*1) pady_5((s)
pad;(s) = 1710s

dl _ 0(1)K71(1)K(K71)/2(1)K710

d» = chain(0) = 00(1)X~2(1)K~200(1)K~2(1)K 200

ds = chain(1) = 10(1)X~2(1)X—201

d, = chain(00) = 000(1)X~3(1)%~300(1)*~3(1)*~20000(1)X—3(1)X 3000
ds = chain(01) = 100(1)X~3(1)X—3001
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Summary

X-Free (Multiple) String Partition Problem

X | constant partition size K | constant alphabet size L
equality (E) | NP-c for K =2 NP-c for L =2
factor (F) NP-c for K =3 NP-c for L =2
prefix (P) NP-c for K =2 NP-c for L =2
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Summary

Open Questions

Open Questions

@ Consider different types of collisions, for example, the selected
strings have to form a code.

@ Complexity of collision-free string partitioning for string duplexes.

@ Complexity when considering collisions with inexact matching.
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