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Genome Rearrangement
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Gene arrangements = permutations.
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Tandem Duplication Random Loss (TDRL)
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Definition (TDRL)

TDRL 1(F,S) defined by:
@ F the set of elements kept in the first copy and

@ S the set of elements kept in the second copy.
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Tandem Duplication Random Loss (TDRL)

Definition (TDRL)

TDRL 1(F,S) defined by:
@ F the set of elements kept in the first copy and
@ S the set of elements kept in the second copy.
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Relevance of TDRLs

S. Purpuratus C. miniata
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Relevance of TDRLs
Asymmetry provides additional phylogenetic information

Symmetric operation: T - T
(Inversion, Transposition, . 1 — s = 2
Asymmetric operation: T S T
(TDRL) 1 —W 2
x
m, T, Ty non T,

impossible parsimonious |mp055|ble
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Sorting by TDRLs

Definition (Sorting by TDRLS)

Given a permutation 7T. Find a shortest sequence of TDRLs

T1,..., Tg(m) SUCh that TTo Ty 0... 0 Ty(ry = 1.

The TDRL distance is the length of the sequence, denoted by d(T1).
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Sorting by TDRLs

Definition (Sorting by TDRLS)

Given a permutation 7T. Find a shortest sequence of TDRLs

T1,..., Tg(m) SUCh that TTo Ty 0... 0 Ty(ry = 1.

The TDRL distance is the length of the sequence, denoted by d(T1).

Definition (Chain of a permutation 71)

2 CO
A chain of a permutation 7Tis a maximal e
list (eq,...,ex) of elements of 7T where 534162
TNV TNV TV TN
eir1=e+1land mi(e) < mi(eisy). 123456

Number of chains of 1. p(71).

Sorting = Merge the chains in order to get one chain.
Indexing Scheme: ¢ < ¢’ iff Ve ec,Ve' €c¢’:e < ¢
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Sorting by TDRLS [chaudhuri et al., soDA, 2006]

G C, TDRL Distance:

S d(71) = [log,(p(m))]

° Radix-Sort inspired algorithm:
SX)@16%’3 418 R @ Get the binary
m """ /\ .representation of the chain
index of each element
5 1 6 2 3 4 @ In the i-th step: keep the

10 00 10 00 o1 ol . .
elements of chains with a 0

X 1% 23 Y6RS % at the i-th least significant
bit in the first copy
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All Sorting TDRLs

Problem Definition

Question 1: Are there alternative sorting TDRL scenarios?

Definition (All Sorting TDRLS)

Find the set of TDRLS {1 : d(7moT) < d(m)}.

Question 2: How many sorting TDRLs are there?

Definition (Number of Sorting TDRLS)
Determine |[{T:d(mmo 1) <d(m)}|.




All Sorting TDRLs

Basic Properties

Observations
@ Elements kept in the 1st (2nd) copy are moved to the left (right)
@ The order of the elements kept in the same copy is not changed

G [

"
234162
5xw16{}34282

516234
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Restricted TDRLs

Definition (Restricted TDRL)
All elements of a chain are kept in the same copy.

Proposition

Two chains ¢; and ¢; can be connected with a TDRL iff j =i + 1.
This can be done by keeping the elements of ¢; in the 1st copy and the
elements of c;4; in the 2nd copy.

Proposition

Three chains c;, ¢j+1, and cj4» can not be
connected at once. C 1 C 2 C3
= Restricted TDRL distance = TDRL distance = ]
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Reformulation

@ Restricted TDRL = <
Binary string s of length p(71): 234162
si = 1 < ¢j is kept in the 1st copy 5“16@934&82
S; = 2 < ¢; is kept in the 2nd copy ¢ IV YN
@ ¢; and cj4; get connected iff sjsj;1 = 12 «5— J: «6— «Z é ﬂ
So S1 S2
1 2 1

Question:

@ How many strings of length n with at least k 12-transitions?
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String Count

Number of strings of length n which have exactly k 12-transitions.

si=1Asp =1 — (%) 1,2,11,2 2,11
si=1Ash=2 — (a%) 1,2,1 1,2 2,1,2
S1=2AS$ =1 — (21;11) 22,1 1,22,11
s1=2Asp=2 — () 22,11,22,1,2

Number of strings of length n which have at least k 12-transitions.

_ 2! n+1
4 \2i+1

—
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For a permutation 71 with p chains there are

15]
<P+1>
i=p2% -1 \2 +1

sorting restricted TDRLs.

For p = 2%: In general:
@ Only one sorting TDRL @ Each sorting scenario is unique
@ Only one sorting TDRL after [log,(2/°%2(P)1 — p 4-1)]

scenario sorting TDRLs.
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All Sorting TDRLs

1 3579246 810

G G G G G
= 1T 1T 1 3 "9 10

2' 34" 5 6 7
6 ¢ 6 ¢ 6 ¢ 6 ¢ 6
1 1 22122111

@ 21 at B-positions breaks a chain — p increased by 1
@ 12 at @-positions connect chains — p decreased by 1

Question: How many binary strings of length n with k < Ap.
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Dynamic Programming Approach

aj’"k: Number of possible binary strings of length j ending with
x € {1,2} that change the number of chains by k.

@-position 0-position

\

j K k-1 j k+1 k
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Dynamic Programming Approach

aj’"k: Number of possible binary strings of length j ending with
x € {1,2} that change the number of chains by k.

1 2 o
2 _ {ajl,k+1+aj1,k ifp—1=9
2 =

a’y
) 1 2
CTI o else

1 2 P
1 Jaaxta g, ifp1=206
k=19 .1 2
&g Tag else

ajo =1, af , = 1 other values initialised to 0

15
Number of sorting TDRL: S al +a2,
i—p—2f0a ()11
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Dynamic Programming Approach

G

1 3 5214 6
e N NV
1 2 4 3 5 6

Sorting TDRL events can be
enumerated by backtracking.




Equalities

All Sorting TDRLs

Number of sorting TDRLSs:

zﬂogz(p(n)ﬂ_p(n) n
i=0 <'>

Number of sorting restricted
TDRLs:

2[togz2(P(M)] — p(77) (p(n)>

D [



Late Breaking Findings

Riffle Shuffle

BCDE
ACEBD

/ .
Y =

TDRL¢ T Riffle Shuffle

Riffle Shuffle Distance:

@ Schwenk Elementary Problem: E3143, Am. Math Mon., 1986

@ Schwenk E3143, Am. Math Mon., 1988



Number of Sorting TDRLs

#sorting
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10%

101
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# restricted TDRLs

()

@ Only 1 sorting TDRL for p = 2X

# sorting TDRLs

32

128

Results
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Number of Chains in Simulated Permutations

@ Apply k “random” TDRLs on |

Random TDRLs Random TDRLs in random interval
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b — I
9000 K4 o b
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8000 k6 al 6
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chains chains

@ Unique sorting scenarios for p € {2,4} (and p = 8) are very likely
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Mitochondrial Data

Previously unpublished scenario of two TDRLSs:

S. fontinalis

<--l__-_l-
co1-52 KR ND4L ND4 H-NDG -E CYTB T -P F 125 V165 L2 NDL1-Q MND2 -A N -CY D CO2 ATP8 ATP6 CO3 G ND3 S1LLNDS W

<__—
[CO1H-ND§ -E CYTB 125 V 165 L2 NDL-A -N - D CO2 ATP8 ATP6 CO3 G ND3 S1LLNDS -S2 K R ND4LND4 T-P F1-Q MND2 -C W

T

Support: .
PP P. myriaster
@ 4 chains — unique scenario
P. myriaster — S. fontinalis needs 3 TDRLs
Reversal distance is 15

)]

)]

@ Transposition distance is 7

@ There exists no TDRL median with score 2 or less
)]

Fragments of duplicated sequences support TDRLS [mMiyaos]
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Conclusion

@ Method for enumerating all sorting TDRLs
@ Closed formulas for the number of sorting TDRLs
@ Identification of unique TDRL sorting scenarios possible

@ Identification of likely unique TDRLs scenario in mitochondria



Results
000080

Thank You!
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Cucumaria miniata
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