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Discrete Tiling

0 space: Z 72 7

[l pattern:

oM2M4

[l find the translation set or dual: _
the positions in the space where to put copies of the patbezaover the whole space

[J in our case, the space is the discrete liAdi.e, {—o,...,—2,—1.0,1,2,...,4})
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/Periodicity of tilings ofZ

[1 A Bsubsets o¥, Alis finite

[ if A B=ZthenB s periodic
l.e., it existsk € N such thaB = k+ B

[0 The periodk is smaller than A
whered (A) denotes thenaximal e ement of A.

[1 One can check in exponential time whether a patfetires Z.

[0 However, in all examplek < 2d (A)
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Notations
Let A, B be subsets df and letk € N:

[1 Hyp: 0 belongs t&A, andAC N

always true ifA can be translated
[0 #(A) thecardinality of A,
0 A+k:={a+k:ac A} is a set, drandate of A
0 [[k]| theinterval [0,k — 1]

[0 AWB:= UpcgA+bis amulti-set
Example: {0,1,4}w{0,2,5} ={0,1,2,3,4,5,6,6,9}; 6 occurs twice.

(1 ifitis a set, themMw B is denotedA & B, thedirect sumof A andB
Example: {0,1,4} w{0,2} ={0,1,2,3,4,6}
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/Tiling . definition

Letn > 0. LetX andf be subsets df..

Tiling, dual : f tiles X if and only if there existsy, a subset oN, such thatf & fy = X
fy is thedual of f for X.

For an interval]n]|

Tiling, dual : f tiles [[n] if and only if there existdy, a subset oN, such thatf © f, = [n].
f. is thedual of f for n.

Two trivial tiles: f :=[0,n—1] = |[n] or f := {0}
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0 f=1{0,24) )
f tiles 6] and its dual isfg = {0, 1}
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7 1=1{02,4) Mol N
f tiles [[6] and its dual isfs = {0, 1}
012345
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Examples of tilings of

0 f=1{0,24) )
f tiles 6] and its dual isfg = {0, 1}

repeat the tiling of] 6] every 8" position to tileZ

0 f={0,34578 f — KO
f tilesZ with the dualf; ={...,—-12 —6,0,6,12 ...}

—6 0 +6

f also tilesZ/127..




Some properties of the tiles gh||.
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/AII blocks have equal length

e b; : length of theit block

e Assume™ block is longer that;

-

y

0 5 0 56
After the 2nd translate - _
0 5 0 56
*
0 5 0
e Assume block is shorter thab;
0 5 0 4
After the 2nd translate
0 5 0 4|5
0 5 0
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/The block length divides the block offset

[1 b: common block length; the offset between 1st and 2nd block
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L L
b b

arrd - mEEEEN M1
O (1111 mEEEEN M T
b o[ [[]] Lo T ML

2b L+2b

[0 In example:L = 3b and thus, the dual contain§0, b, 2b}
The next translate after those i4:.2

[0 All offsets of lengthL are tiled with the first. /b translates.

[0 With L /b translates, we obtain a new “form” on which we can recurgiagply the
same arguments.

[1 The "prefix" of length 2 of the pattern tiles I2.

[1 The sequence of new block offsets is strictly increasing
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Recognition algorithm

[1 Given a patterrf, find if it tiles an interval.

[1 Recognition algorithm decides @(d (f)) time

whether there isi € N such thatf tiles ||n]|
gives the decomposition dfin completely self-periodic tiles.

[0 Theorem: The tiling periodicity is less thand? f).
solves Nivat’'s conjecture in the case of intervals.

[1 Example:

f — [7] ©{0,21,42 126 147,168 504 525 546 630,651 672}
= [7] &{0,21,42} & {0,126,504 630}
= [[7] @{0,21,42} @ {0,126} ® {0,504} .
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Self periodicity of a pattern

Letn > 0 andf be a pattern such thdt f) < n.

Self-period of a pattern : Lgt be an integer such thatOp < d(f).
pis asaf-period of f for length nif and only if for anyi € [0,n— p| one has

icfe(i+p)ef.

[0 Mp(f) denotes the set of self-periods fafandrt, () its smallest non null self-period.
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Self periodicity of a pattern

Letn > 0 andf be a pattern such thdt f) < n.

Self-period of a pattern : Lgt be an integer such thatOp < d(f).
pis asaf-period of f for length nif and only if for anyi € [0,n— p| one has

icfe(i+p)ef.

[0 Mp(f) denotes the set of self-periods fafandrt, () its smallest non null self-period.
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Example

0 Letn:=12 andf :={0,1,4,5,8,9}.

0 f tiles [12]; its dual forn:= 12 is f15 := {0,2}

0 #(f)x#(f12) =6x2=12.

0 fiotiles [[4], [8], and[[12].

[0 f has periods 0, 4, and 8. Sm,»(f) =4 andllqo(f) = {0,4,8}.
[0 f can be decomposed {®,1,4,5,8,9} = {0,1} & {0,4,8}.

[0 {0,1} and{0, 4,8} are completely periodic for lengths 2 and 12 resp., with testl
period 1 and 4 resp.

A\ /
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Properties of the self-period of a tile

e f admits a smallest non null periggi(f)

e T,(f) dividesn and thusyiy(f) < |n/2]

o fM(f)] @ fn=[m(f)]

e Theorem: there exists &ijectionthat
to any patterrf such thad (f) <n/2,

associates a pattern that tilgg]| for d a divisor ofn.
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Decomposition of a tile in completely periodic tiles

1
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Bijection
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Bijection
Forn:=6
0 - 0]1]2
0O|1]2[|3|4 |5 0 2 4 0 3
Forn:=12

] WM [E]  [oft[z[e]+]s] [of 2 [4] [o[ ]3]

[e[t]2]s]+[s[e[7]e e 0[] o | | | (S

o] [=] [« [s] [e] [l [efaT=] [ [ [e]7]e]

of | =1 [ &1 | s

of [ [ [ [ [e]
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[0 A reccurrence formula fot,, which denotes the number of tiles ﬁ)lhﬂ

o = 1+ Z &d -
deN : din, d#n

[0 If n>1is prime then
6n: l.IJn — 1 andan :2

[1 Sequence A067824 of the On Line Encyclopedia of Integer &sp

Sequence:
n 1 2 3 456 7 8 9 10 11 12 13 14 15 16 17 18
¢h 1 2 2 4 2 6 2 8 4 6 2 16 2 6 6 16 2 16
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Counting the tiles of|n||

[0 A reccurrence formula fot,, which denotes the number of tiles ﬁ)lhﬂ

o = 1+ Z &d -
deN : din, d#n

[0 If n>1is prime then
6n: l.IJn — 1 andan :2

[1 Sequence A067824 of the On Line Encyclopedia of Integer &sp
Sequence:

n 12 3 45 6 7 8 9 10 11 12 13 14 15 16 17 18
¢h 1 2 2 4 2 6 2 8 4 6 2 16 2 6 6 16 2 16
[1 Proof that sequenc&067824 is identical to sequenfd07736
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Conclusion

Results

[1 Optimal recognition algorithm

[1 Bound on the periodicity

[1 Counting formula

[1 Polynomial representation
Future work

[1 generalize to higher dimensions

[1 with more than one tile

[0 thetorusZ/nZ
Example: f ={0,8,16,18 26,34} tilesZ /727
with dual{0,1,5,6,12 25,29,36,42 48 49,53}




Thanks for your attention




