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Motivation

o« Kernel methods (e.q. Support Vector Machine) have been
applied to various problems. In kernel methods,

Data (sequences, chemical compounds,...) =» Feature vector
o This work: we consider reverse direction, i.e.,

Feature vector = Data
May be useful for designing new sequences/chemical compounds

.. feature space
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Motivation (continued)

Potential application: A
drug design _——

= For example, design a CHs
new compound which is ACH/
the middle of known (AsBr/2 B @ /

compounds A and B

Related work

«» Kernel PCA + regression [Bakir,Weston,Scolkopf 2004 ]
» Graph pre-image [Bakir,Zien,Tsuda 2004]

« But, no complexity studies




graph inference problem

Graph inference from path frequency

Given path frequency vector v, infer the
original graph whose feature vector (=path
frequency) Is equal to v (or closest to v).

(length) (path: occurrence) C 0
0 - Cx9, Ox2 é é
-- CCx18, COx2, OCx 2

1 -
2 --- CCCx24, CCOx2, OCCx2, OCOx2 C
3 --- CCCCx26, CCCOx4, OCCCx4




Spectrum Feature for Strings [Lesiie etar. 02]

For a string S,

o Spectrum feature of level k Is a frequency
vector of all possible k-grams.

e.g. spectrum feature of level 2 for ‘aababb’:

_________________

baxl = f(aababb)=(1,2,1,1)



Spectrum Feature for Strings [Lesiie etar. 02]

f.: mapping from input space to feature space
fi (s) = (occ(t, s) ) s« > aiphabet

where occ(t,s) i1s # of occurrences of a substring t in a string s.

InpUt Space 4_’_ _______________ 'Featu re Space
bb B ot (L102)
aappe ~ _-" | _ \
bbb = ’ . 5‘0062)‘(1101) .
ababa“ - 30,2,2,0)
B L1010, 4000 ¢
2o bababe---" __-----
abaas =t "~ -~ (s



Problem 1

SISF: String Inference from Spectrum Feature
Input: an integer K, feature vector v = (Vy); sk
Output: a string s which, if it exists, satisfies f,(s) = v,

otherwise ’no solution.”

EX) 2= {a b} K= 2 V= (Vaa ab? Vba’Vbb):(111’O12)
ISI (Vaa ab-l-vba-l-vbb)-l-(K 1) (1+1+0+2)+1:5

f,(‘aaaaa’)=(4,0,0,0)
f,(‘faaaab’)=(3,1,0,0)

: : : : >~ solution: s=‘aabbb’
f,(‘aabbb’)5(1,1,0,2) Solutions may not be unique:
: - : : v=(1,1,1,1) - 4 solutions
v=(1,2,2,1) - 12 solutions

f,(‘bbbbb’)=(0,0,0,4)



Linear time algorithm for SISF

Reduction to Eulerian graph problem [pevzner

f(s)=v for some s = G, has a Eulerian path

Ex.1) K=2, V=(Va2,Vap+Vbas Von)=(1,1,0,2) solution
aabbb

1 2 1] aa
D206l )
aa bb 3lbb
4l bb

Ex.2) K=3, V=(V_44:Vaap:V

abarVabbr Vbaar Vbab: Vbbas Vorn) =(1,1,0,1,1,1,2,1)

2 soluti
‘@’@ bbaaabbat
A {bbbaaabbab
ol



Problem 2

SISF-M: SISF with the Minimum Error
Input: an integer K, feature vector v = (V¢); sk
Output: a string s which minimizes the distance

between f,(s) and v
) K:2’ V:(Vaa’vab’vbaivbb):(l’z’O’1)

2abably® -~ - - - <<= -mmmm-----==-g2{777o1IIzzzzzRadase=P(1,2,1,])
aabbabe---—""" - - 2ow(1,3,0,1)
abaabbe -~~~ .- .-->22,0,1)
abbaabe-""" -g;;:ZZZ;: --------------------------------- »(1.2.0.2
P TSNIITeeelIlITT T >(1,2,0,1) (1,2,0,2)
aabb«. el T T
*0,2,01) e +(1,2,0,0
[l TSRS »(1,1,0,1) (1,2,0,0)

v



Algorithm for SISF-M

o |t seems difficult to apply Eulerian path
technique.

o Thus, we employ another approach based on
Dynamic programming.

o The algorithm is a special case of the graph
Inference algorithm.
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Feature vector for graphs:
Path Frequency (c.f. Marginalized Graph Kernel)

Feature vector f,: G -~ N= ©

fK (G) — (OCC(t’ G))teZSK

K: level(>0)
2. alphabet
G: graph

where occ(t,G) is # of occurrences of paths labeled with t in a graph G

e.g.) K=1

—

Y4

(

f.(G) =(13,0,3,3,0)

occ(a,G) =1

occ(b,G) =3
occ(aa,G) =0
occ(ab,G) =3
occ(ba,G) =3
occ(bb,G)=0
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Problem 3 & 4

GIPF: Graph Inference from Path Freguency

Input: an integer K, feature vector v = (v,); sk

Output: a graph G which satisfies, If it exists, 1,(G) = v
otherwise ”no solution.”

GIPF-M: GIPF with Minimum Error
Input: an integer K, feature vector v = (v,), <«

Output: a graph G, which minimizes the distance between
f.(G) and v

13



Dynamic Programming for restricted GIPF
(1) Trees, K=1, fixed >

Any tree can be constructed by inserting a leaf
one by one.

© (&) © © @
9@9@ -I-
® @ p ©@P @

D(v)=1 iff. There exists a tree T s.t. f (T)=v

D(n,,n,,n_,Nn,,N.,N,)=1

b? " faa? "ab?

(D(na -1y, N, =2, Nap s Npa s nbb) :1)\/

b?"aa
(D(na -1, Ny Naa s Ny -1, Npa -1, nbb) :1)\/
(D(n,,n, -1,n,n, —1n, -1n,)=1)v
(

aa’''ab

D(n,,n, -1,n,,n.,n,,n,—2)=1) 14

aa’''ab?



Dynamic Programming for restricted GIPF
(1) Trees, K=1, fixed > (cont’d.)

Any tree can be constructed by inserting a leaf
one by one.

(a) (@ (@) (@) ®
G @ @ b @ |
oo O () ® b)
D(v)=1 iff. There exists a tree T s.t. f (T)=v
Theorem GIPF for trees is solved in polynomial

time in n (the size of tree) if K=1 and a fixed
alphabet.

- GIPF-M is also solved by searching in this table.

5



Dynamic Programming for restricted GIPF
(2) Trees, fixed K,A\,>

» Extension of DP for K=1 (not straightforward)
= More complicated data structure than K=1.

When a new leaf is added, much
more new paths appear

-2 O(AX) new paths

New leaf

16



Dynamic Programming for restricted GIPF
(2) Trees, fixed K,A,> (cont’d)

« Extended DP table: D(v,e,d)
v feature vector, e: paths around leaves, d: depth

« K,A\,> are fixed, so Is the size of e.

New leaf

Theorem GIPF (and GIPF-M) for trees is solved
In polynomial time in n if K,A,> are all fixed. .



Strong NP-completeness of GIPF

o GIPF is strongly NP-complete even if the underlying
graph is a tree and K=3

(We improved the result from that in the proceedings,
where this result was shown for non-tree graphs)

o Reduction from 3-PARTITION problem

Reduction from: 3-PARTITION, P=(X,w,B)

o X={X{,.-sX3m}s W(X)=W,;, =wW,=Bm

e >={a,b,cdy} {X{....%3,} {A;.... A}

o K=3

e V(s)=O(poly(m+B)) for everys >K

e [{s > v(s)is non-zero}| = O(poly(m+B))

18



Strong NP-completeness of GIPF

Theorem GIPF is strongly NP-complete, even if
K=3 and the underlying graph is a tree.

(Proof)

Reduction from 3-PARTITION can be done In
noly(m+B) time and thus its size is bounded by

noly(m+B).

« GIPF Q is ‘yes’ < 3-PARTITION P is ‘yes’

19



3-PARTITION problem [Garey&Johnson]

3-PARTITION: strongly NP-complete problem
Input: a set X={Xy,...,X5,} Of 3m items, for each x; a

weight w(x,), s.t. =.w(x,)=mB

Output: ‘yes’ if there exist a partition A,,...,A , of
IAL]=3and 1.>, ,w(x)=B, ‘no’ otherwise

/

-

" | |
B
- — - m sets <
. B 3m items

B

X s.t.

]

% 3 items

o 3-PARTITION does not have pseudo-polynomial time

algorithm unless P=NP.

(i.e., cannot be solved in poly(m+B) unless P=NP)

o Strongly NP-complete even if B/4 < w(x) < B/2

20



An Example of Reduction (1)

An instance of 3-PARTITION P:
n M=2 2 X = {X{,X5,X3,%4,Xs,Xs} (] X]=3m=6)
« w=(1,2,3,4,4,6), B=10

. W(X)=1, W(X,)=2, W(X3)=3, W(X,)=4, W(X;)=4, W(Xg)=6

X(’ Xy [] Y The solution for P:
|
i X5 I::I : A].:{Xl’XB’XG} 9 1+3+6=10
X, [ | A,={X,,X4,Xc} > 2+4+4=10
I g :
v X4 B : X Xg  Xe
X ! A i B R
: S — I 1- | || L || L |
\ X e
el / Yol 00 e !
Xy X, Xe




An Example of Reduction (2)
) \

e |

_______________

__________________________________________
|||||
IIIII
|||||

______________________________________________




An Example of Reduction (3)

There are two kinds of vertices which have unique

label. > x's ( (xi)) and A,’s (@A) )

o X; encodes the weight of i-th item =2 w(x;)

« A, IS a matchmaker of x;’s, but doesn’'t know who

matches who, because @and (A are distant.

e k=3
. 3"5 . S




An Example of Reduction (4)
3-PARTITION P: w = (1,2,3,4,4,6) = GIPF Q: (v,3)

~ - !
@ 0 e \\\ -7
-
\\ P
\ - ’ - —
P, w(x,)=4
— \ , N ., ~ 4
w(x,)=1 - A \
1 \ 4 \ y \
\ ! \
v !
I

:

W(X,)=2 :‘ W(xs)=4

\
'
\
1
1
\
\
\ [
\ -
- \ e
S-< \ ,
\\\ \ ’
N \ 1
\ \ h \ /
AN AN ; =6
\ ~-- ’ < -
w(x,)=3 . , S W(Xz)=
3 N s 6
N .
~ -

>={a,by,c,d} {Xi... X} {A,...A Y, |=|=4m+5

Feature vector specifies structures of blocks, but
does not specify the connection between blocks {xi}
and {Al1,A2}.

24



An Example of Reduction (5)
3-PARTITION P: w = (1,2,3,4,4,6) = GIPF Q: (v,3)

@ 0 e \\\ -
-
\\ ,”
\ -—— -—-=a j—
N S, wW(x,)=4
— P
w(x,)=1 N N N
1 . . ; .
\ / \
!
vl

:

W(x,)=2 := W(x)=4

G A
W(Xs)=6

>={abycdl {X...Xs} {An. AL |=[=4m+5

- The connection satisfying the constraints given by
feature vector corresponds to a solution of 3-PARTITION.

- In this case, {x1,x3,x6} and {x2,x4,x5} correspond to a
solution of 3-PARTITION.

1

1
1
1
’
’
’
’

W(X5)=3

s
’
-
-



0090, - [ 5665
An Example of Reduction (6) Gog%;o c%%@

For each x;; 1=1,2,...,3m, denerate a graph G(x;):

G(x;) encodes w(x;)
* A label x; Is unique In
the whole graph
o # 0f a's = w(x)
Paths of length 3 which determine G(x;)
0 --- {(xi:1), (@:w(xy)), (v:1), (b:1), (c:1)}
- {(xy:1), (vx:1), (yb:1), (by:1), (bc:1), (cb:l), (ab:w(x;)), (ba:w(x;))}

- {(xiyb:1), (ybaiw(x)), (vbe:1), (byx;:1), (cby:1), (cha:w(x)),
(_y w(x;) . (@bc:w(x)) , (aba:w(x;)(w(x;)-1))}

-- {(x;yba:w(x;)), (x;ybc:1), (cbyx;:1), (abyx;:w(x;))

26



G(x;) encodes w(x;)

* A label x; is unique in
the whole graph

o # 0f a's = w(x)

In total of G(X,), G(X,),..., G(X3n)

0 ---
1 ---

2 e

{01}  {(a:mB), (y:3m), (b:3m), (c:3m)}

{0Gy:1),(yx:1)}  {(ab:mB),(ba:mB),(yb:3m),(by:3m),
(bc:3m), (cb:3m),}

{(xyb:1),(byx:1)}  {(yba:mB),(ybc:3m),(cby:3m),(cba:mB),
(aby:mB),(abc:mB), (aba: > w(x;)>-mB)}

1(qyba:w(xy)), (xybc:1), (cbyx;:1), (abyx;:w(x))} .



Note for Uniqueness of Graph G(x;)

It IS necessary to prove that the set of paths
uniquely determines G(X;).

« The following cases does NOT occur:

--- Because a path “xyx;’ Is not given

- 1-to-1 correspondence between (x;, V)

. --- Because a path ‘yby’ is not given

(Even if tottering (backtrack) is admitted,
provable similarly by using # of ‘yb’)

Uniqueness for a quadruple (x; y, b, c) can be proved in
a similar way O—-0-@-0O )



An Example of Reduction (8) o [z| &&&°

Generation of center graph G.

" Remaing paths in G,

m 0 W{(A:D}  {(d:D)}

~ 1--- {(A.c:3m), (A, d:m), (cA,:3m), (dA, :m)}
G 2 - {(A,cb:3),(bcA, :3),(cA,c:6), (cAd:3),
: (dAc:3)} nil(ARdAC L)}
3--—-  {(Acby:3),(ybcA, :3),(Acba:B), (abcA, :B),

(dACb:3),(bCALd:3), (CA,CD6), (bCA,C:6)
A GAC3) (A, )

Note: center graph is determined without knowing
partition (without information about w(X;)’s)

29




Strong NP-completeness of GIPF

Theorem GIPF is strongly NP-complete, even if
K=3 and the underlying graph is a tree.
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Hardness results for other special case

Theorem GIPF is strongly NP-complete, even for trees
of bounded degree 4 and of fixed > .

Bounded degrees (A)
= Branchings for a’s and for center d = Use binary tree

Bounded alphabets (>)
= X's and A,’s 2 Encode with fixed alphabets

In both cases, we cannot bound K by a constant

Note: if all of > ,K,/A\ are fixed, then the problem can be
solved in poly. time

31



Conclusion

o GIPF is strongly NP-complete even if underlying graph is
a tree and K=3.

o GIPF (and GIPF-M) for trees is solvable in polynomial
time by using DP, if = ,K and A are all fixed.

Still ongoing:

o Our DP is extendable to outer-planar graphs

o Completeness results for more restricted cases
Future work:

o Complexity of SISF-M in general cases

o Approximation algorithm, etc.
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