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Previous Work

Indexing a text of size® n and querying a pattern of size m resulting in
occ occurrences.

’ Errors

‘ Model ‘ Query Time ‘ Index Size ‘ Prep. Time Literature

k=0 exact | O(m + occ) O(n) O(n) Weiner 1973

k=1 edit | O(m log n loglog n + occ) O(n log? n) O(n log? n) Amir et. al 2000

k=1 edit | O(m loglogn + occ) O(n logn) O(n logn) Buchsbaum et. al 2000

k=1 Ham. | O(m + occ) O(n logn) (avg) O(nlogn) (avg) N 2004

k=0(1) edit | O(m + logh n + occ) O(n logh n) O(n logh n) Cole et. al 2004
k=0(1) edit | O(mlog? n+m?+occ) (avg) O(n logn) (avg) O(n log? n) (avg) Chavez et al. 2002
k=0(1) edit | O(mmin{n, m"}4occ) | O(min{n, m*}+p)O(min{n, m*}+h)Cobbs 1995 (Ukkonen

1993)
k=0(1) edit | O(m + occ) O(n log® n), O(n logh™! n) MN 2005
(avg,whp) (avg,whp)

k=0(1) edit | O(m + occ), (avg,whp) O(n log® n) O(n loghF*! n)

k=0(1) | Ham. | O(logF*! n), (avg) Oo(n) Oo(n) M 2004
k=alogn | Ham. | O(n™), A < 1, (avg) O(n) o(n)

k=am edit O(n>‘ logmn), A <1 O(n) O(n) Navarro et. al 2000

k mismatches in O(m + occ) (avg) O(nlog! n) (avg) | O(nlog! n) (avg) Gabriele et. al 2003

a window of

length r

1Uniform Cost Model
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Input: Array A of size n containing integer
values.

< Query, Preproc. >

RMQ: (Range Minimum Query) For (i, ) find < 0(1),0(n) >
index [ with .
AUl = min (D).
BVRQ: (Bounded Value Range Query) For < O(IL]), O(n) >

(4,7, k) find all indexes
L={l|i<l<jand A[l] <k}.
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Input: Array A of size n containing integer < Query, Preproc. >
values.
RMQ: (Range Minimum Query) For (i, ) find < 0(1),0(n) >
index [ with .
Alll = Alk]}.
[ = min {4}

BVRQ: (Bounded Value Range Query) For < O(IL]), O(n) >
(4,7, k) find all indexes
L={l|i<l<jand A[l] < k}.
CRQ: (Colored Range Query) For (i,7) find the < o(c), om) >
distinct set of numbers
C={Al] i <1<}
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BVRG

Bounded value range queries are solved through successive RMQs,
e.g., querying (2,7,6):
o 1 2 3 4 5 6 7 8 9

0,174 9 853 |6

The querytree is binary and has |L| inner nodes, hence we need
O(|L]) RMQs in total.



CRQ

Colored range queries are reduced by using another array which
stores the last index of each value. A CRQ (3, ) then transforms
into a BVRQ (i, 7,7 — 1) on the new array:

0o 1 2 3 4 5 6 7 8 9

L1 (271|121 ]3[2]3




CRQ

Colored range queries are reduced by using another array which
stores the last index of each value. A CRQ (3, ) then transforms
into a BVRQ (i, 7,7 — 1) on the new array:

0o 1 2 3 4 5 6 7 8 9




Outline Introduction Worst-Case Optimal Search-Time

Bounded Preprocessing Space Conclusion
o] 000 0000000 000 [o]e]
0000800 o]
0000
Range Queries

T
Error Sets

Definition (Error Sets)
Defined inductively by Wy = S and

W; = Fhi_l(W-_l) n.s; ,

Moritz G. MaaB and Johannes Nowak:
m Text Indexing with Errors

DA E\




Outline Introduction Worst-Case Optimal Search-Time

Bounded Preprocessing Space Conclusion
o] 000 0000000 000 [o]e]
0000800 o]
0000
Range Queries

T
Error Sets

Definition (Error Sets)
Defined inductively by Wy = S and

W; = Fhi_l(W-_l) n.s; ,

where
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Definition (Error Sets)
Defined inductively by Wy = S and

W; = Fhi_l(W-_l) n.s; ,
where

o I ={op(u)v |uv € A, |op(u)| <1+ 1,0p € {del,ins,sub}},

Moritz G. MaaB and Johannes Nowak:
m Text Indexing with Errors

S 3



Outline Introduction

Worst-Case Optimal Search-Time Bounded Preprocessing Space Conclusion
o] 000 0000000 000 [o]e]
0000800 o]
0000
Range Queries

T
Error Sets

Definition (Error Sets)
Defined inductively by Wy = S and

W; = Fhi_l(W-_l) n.s; ,
where

o I = {op(u)v|uv e A,lop(u)] <1+1,0p € {del,ins,sub}},
e S; = {r | there exists s € S such that d(s,r) = i},
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Error Sets

Definition (Error Sets)
Defined inductively by Wy = S and

Wi =Tp,_,(Wiz1)NS;
where

o I ={op(u)v|uv e A,lop(u)] <1+1,0p € {del,ins,sub}},
e S; = {r | there exists s € S such that d(s,r) =i},
@ and h; are arbitrary integer parameters.
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Error Tree

@ Defined as trie for W;.
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Error Tree

@ Defined as trie for W;.

o Label leaf = by suffix number and I = minpref;,  (path(z)).
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@ Defined as trie for W;.

o Label leaf = by suffix number and I = minpref;,  (path(z)).
@ Leaf is a hit if pattern length greater than [.
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Result Selection using Range Queries

@ Array of leaves A, additional array B.
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Result Selection using Range Queries

@ Array of leaves A, additional array B.

@ Subtree ranges at nodes.

Moritz G. MaaB and Johannes Nowak:
m Text Indexing with Errors

DA E\




Outline Introduction

Worst-Case Optimal Search-Time

Bounded Preprocessing Space Conclusion
o] 000 0000000 000 [o]e]
O00000e o]
0000
Range Queries
Result Selection using Range Queries
@ Array of leaves A, additional array B.
@ Subtree ranges at nodes.
@ B contains minimal prefix [ = occurrences

m

Moritz G. MaaB and Johannes Nowak:

Text Indexing with Errors

DA E\




Outline Introduction Worst-Case Optimal Search-Time Bounded Preprocessing Space Conclusion
o] 000 0000000 000 [o]e]
O00000e o]
0000
Range Queries
Result Selection using Range Queries
@ Array of leaves A, additional array B.
@ Subtree ranges at nodes.
@ B contains minimal prefix [ = occurrences
@ B contains starting positions = positions
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Range Queries

Result Selection using Range Queries

@ Array of leaves A, additional array B.

@ Subtree ranges at nodes.

@ B contains minimal prefix [ = occurrences
@ B contains starting positions = positions
@ B contains string identifiers = documents
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Basic Bounds

@ Set h; = maxpref(WW;) (the height of et;(.5))
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Basic Bounds

e Set h; = maxpref(WW;) (the height of et;(S))
@ The error sets have size |W;| = O(hohy- - -h;—1|S])
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Basic Bounds

@ Set h; = maxpref(WW;) (the height of et;(.5))
@ The error sets have size |W;| = O(hohy- - -h;—1|S])
e Construction time for et;(.S) is O(hohy- - -h;i|S|)
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Analysis

Basic Bounds

e Set h; = maxpref(WW;) (the height of et;(S))

@ The error sets have size |W;| = O(hohy- - -hi—1]S])

e Construction time for et;(.S) is O(hohy- - -h;i|S|)

@ h; = O(logn) in expectation and with high probability
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Random Model

@ Stationary ergodic source
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Random Model

@ Stationary ergodic source

@ mixing condition

c1Pr{A}Pr{B} < Pr{AN B} < caPr{A}Pr{B}.
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Random Model

@ Stationary ergodic source

@ mixing condition

c1Pr{A}Pr{B} < Pr{AN B} < caPr{A}Pr{B}.

@ Probability of common substring:

n— o0 2n
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Height of Error Trees

@ Let [ be the expected length of a common substring.
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Height of Error Trees

@ Let [ be the expected length of a common substring.
@ Each step adds one error to the strings.
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Height of Error Trees

@ Let [ be the expected length of a common substring.
@ Each step adds one error to the strings.

@ Possibly more matching characters afterwards, expected
increment is at most [.
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Analysis

Height of Error Trees

@ Let [ be the expected length of a common substring.
@ Each step adds one error to the strings.

@ Possibly more matching characters afterwards, expected
increment is at most [.

) :>hl' < (2i—|—1)l.
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Analysis

Height of Error Trees

Let [ be the expected length of a common substring.

Each step adds one error to the strings.

Possibly more matching characters afterwards, expected
increment is at most [.

= h; < (2i+ 1)L
@ Thus,

Pr {lmax > (Zk' + 1)(C/Ih + 1)} < C/k2h26_2(1+6)h

as h — 0.
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Size and Preprocessing

@ the expected height of the first tree is | = O(logn).

@ Conditioning on [ < clogn yields the expected size
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Size and Preprocessing

@ the expected height of the first tree is | = O(logn)

@ Conditioning on [ < clogn yields the expected size

E[n - h*]
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Analysis

Size and Preprocessing

@ the expected height of the first tree is | = O(logn).

@ Conditioning on [ < clogn yields the expected size

[e.e]
E[n - h*] < n(ckInn)F+ > ni"Pr{lmes > i}
i=ckInn
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Analysis

Size and Preprocessing

@ the expected height of the first tree is | = O(logn).

@ Conditioning on [ < clogn yields the expected size

[e.e]
E[n - h*] < n(ckInn)k+ Z ni*Pr{l ez > i}
i=cklInn
< n(ckInn)k+ O(1)
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Analysis

Size and Preprocessing

@ the expected height of the first tree is | = O(logn).

@ Conditioning on [ < clogn yields the expected size

[e.e]
E[n - h*] < n(ckInn)k+ Z ni*Pr{l ez > i}
i=cklInn
< n(ckInn)k+ O(1)
O(nlog® n).
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Weak Tries and Error Trees

Weak Tries

Definition (Weak Trie)

For [ > 0, the [-weak trie for a set of strings S C ¥* is a rooted
tree with edges labeled by characters from X. For any node with a
depth less than [, all outgoing edges are labeled by different
characters, and there are no branching nodes with a depth of more

than [. Each path from the root to a leaf can be read as a string
from S.
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Weak Tries and Error Trees

Error Tree

@ Define the error trie as h;-weak trie:

eti (5) = Wh, (Ws)

Moritz G. MaaB and Johannes Nowak:
m Text Indexing with Errors




Outline Introduction

Worst-Case Optimal Search-Time Bounded Preprocessing Space Conclusion
o] 000 0000000 ooe [o]e]
0000000 o]
0000
Weak Tries and Error Trees

Error Tree

@ Define the error trie as h;-weak trie:

et; (5) = Wh, (W3)

@ Leaf labels are the same as before: leaf x is labeled by suffix
number and | = minpref;  (path(z)).
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Error Tree

@ Define the error trie as h;-weak trie:

et; (5) = Wh, (W3)

@ Leaf labels are the same as before: leaf x is labeled by suffix
number and | = minpref;  (path(z)).

o Leaf is a hit if pattern length greater than [.
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Weak Tries and Error Trees

Error Tree

@ Define the error trie as h;-weak trie:

et; (S) = Whi (Wz)
@ Leaf labels are the same as before: leaf x is labeled by suffix
number and | = minpref;  (path(z)).
o Leaf is a hit if pattern length greater than [.

@ Order of leaves is not important for range queries.
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Analysis

Basic Bounds

Data structure:

@ Set h; = cklogn + i.
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Basic Bounds

Data structure:
@ Set h; = cklogn + i.
o The size is O(nlog" n).
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Analysis

Basic Bounds

Data structure:
@ Set h; = cklogn + i.
o The size is O(nlog" n).

o The preprocessing takes O(n log"™ n) (weak tries!).
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Analysis

Basic Bounds

Data structure:
@ Set h; = cklogn + i.
o The size is O(nlog" n).

o The preprocessing takes O(n log"™ n) (weak tries!).
Searching:
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Analysis

Basic Bounds

Data structure:
@ Set h; = cklogn + i.
o The size is O(nlog" n).

o The preprocessing takes O(n log"™ n) (weak tries!).
Searching:

e For m < cklogn: as before in O(m + occ) time.
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Analysis

Basic Bounds

Data structure:
@ Set h; = cklogn + i.
o The size is O(nlog" n).

o The preprocessing takes O(n log"™ n) (weak tries!).
Searching:

e For m < cklogn: as before in O(m + occ) time.

e For m > cklogn: use a generalized suffix tree (as a filter).
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Analysis

Basic Bounds

Data structure:
@ Set h; = cklogn + i.
o The size is O(nlog" n).

o The preprocessing takes O(n log"™ n) (weak tries!).
Searching:

e For m < cklogn: as before in O(m + occ) time.

e For m > cklogn: use a generalized suffix tree (as a filter).
e Expected search time: O(1).
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T
Conclusion

e Worst-case optimal search-time O(m + occ) for a constant
number of errors.
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T
Conclusion

e Worst-case optimal search-time O(m + occ) for a constant
number of errors.

o Average-case index size O(n log" n) for k errors.
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T
Conclusion

e Worst-case optimal search-time O(m + occ) for a constant
number of errors.

o Average-case index size O(n log" n) for k errors.

o Matches average search time O(m logh n) with index size
O(n) (M 2004).

Moritz G. MaaB and Johannes Nowak:
m Text Indexing with Errors

DA E\



Outline Introduction Worst-Case Optimal Search-Time

Bounded Preprocessing Space Conclusion
o 000 0000000 000 °0
0000000 o
0000
Conclusion and Open Problems

Conclusion

e Worst-case optimal search-time O(m + occ) for a constant
number of errors.

o Average-case index size O(n log" n) for k errors.

o Matches average search time O(m logh n) with index size
O(n) (M 2004).
@ Achieved through
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Conclusion

e Worst-case optimal search-time O(m + occ) for a constant
number of errors.

o Average-case index size O(n log" n) for k errors.

o Matches average search time O(m logh n) with index size
O(n) (M 2004).
@ Achieved through

e recursive case-distinction upon the location of the error.
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Conclusion

e Worst-case optimal search-time O(m + occ) for a constant
number of errors.

o Average-case index size O(n log" n) for k errors.

o Matches average search time O(m logh n) with index size
O(n) (M 2004).
@ Achieved through

e recursive case-distinction upon the location of the error.
e range queries to select leaves from subtrees
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Conclusion and Open Problems

Open Problems

@ Can we close the gap?
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Open Problems

@ Can we close the gap?

e Our new indexing structure works best for “small” patterns of
length O(logn).
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Open Problems

@ Can we close the gap?

e Our new indexing structure works best for “small” patterns of
length O(logn).

e On average, “small” patterns are the hardest to find.
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Open Problems

@ Can we close the gap?
e Our new indexing structure works best for “small” patterns of
length O(logn).
e On average, “small” patterns are the hardest to find.

o The case of “large” patterns of length Q(log" n) can be
handled with the data structure of Cole et. al 2004.
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Conclusion and Open Problems

Open Problems

@ Can we close the gap?
e Our new indexing structure works best for “small” patterns of
length O(logn).
e On average, “small” patterns are the hardest to find.
o The case of “large” patterns of length Q(log" n) can be
handled with the data structure of Cole et. al 2004.

o No lower bounds on the index size for O(m + occ)-time
lookup are known.
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Open Problems

@ Can we close the gap?
e Our new indexing structure works best for “small” patterns of
length O(logn).
e On average, “small” patterns are the hardest to find.
o The case of “large” patterns of length Q(log" n) can be
handled with the data structure of Cole et. al 2004.
o No lower bounds on the index size for O(m + occ)-time
lookup are known.
e Can we use it?

Moritz G. MaaB and Johannes Nowak: :\
m Text Indexing with Errors =] =l = o L




Outline Introduction Worst-Case Optimal Search-Time Bounded Preprocessing Space Conclusion
o] 000 0000000 000 oe
0000000 o]
0000

Conclusion and Open Problems

Open Problems

@ Can we close the gap?
e Our new indexing structure works best for “small” patterns of
length O(logn).
e On average, “small” patterns are the hardest to find.
o The case of “large” patterns of length Q(log" n) can be
handled with the data structure of Cole et. al 2004.
o No lower bounds on the index size for O(m + occ)-time
lookup are known.
e Can we use it?
e Constant factors are large!
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Conclusion and Open Problems

Open Problems

@ Can we close the gap?

Our new indexing structure works best for “small” patterns of
length O(logn).

e On average, “small” patterns are the hardest to find.
o The case of “large” patterns of length Q(log" n) can be

e Can

handled with the data structure of Cole et. al 2004.

No lower bounds on the index size for O(m + occ)-time
lookup are known.

we use it?

Constant factors are large!

Implementation by (suffix) arrays seems possible and could be
more space efficient.
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Conclusion and Open Problems

Open Problems

@ Can we close the gap?
e Our new indexing structure works best for “small” patterns of
length O(logn).
e On average, “small” patterns are the hardest to find.
o The case of “large” patterns of length Q(log" n) can be
handled with the data structure of Cole et. al 2004.
o No lower bounds on the index size for O(m + occ)-time
lookup are known.
e Can we use it?
e Constant factors are large!
o Implementation by (suffix) arrays seems possible and could be
more space efficient.
e Is compression applicable?
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Conclusion and Open Problems

Open Problems

@ Can we close the gap?
e Our new indexing structure works best for “small” patterns of
length O(logn).
e On average, “small” patterns are the hardest to find.
o The case of “large” patterns of length Q(log" n) can be
handled with the data structure of Cole et. al 2004.
o No lower bounds on the index size for O(m + occ)-time
lookup are known.
e Can we use it?
e Constant factors are large!
o Implementation by (suffix) arrays seems possible and could be
more space efficient.
e Is compression applicable?
e Construction time?
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Thank you!

Questions?
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Further Examples
°

oo

o

Indexing Problems

Example

GACTCAAAACGGGTTGTTACCGGGTATGGCTAGAATCATC
CGTACTGCGTGACCGACGGATGACGAATAAAGGAGTTAAC
TTGAGGGCGGCGAGCGACCTACAAACATGTTCGGGAAACT
CTGTCCAAAATAAACCTGAGACCAACCGTTTAGCAAGAAG

Pattern : ACAAC

Moritz G. MaaB and Johannes Nowak: :\
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Further Examples
°

oo

o

Indexing Problems

Example - Occurrences

GACTCAAAACGGGTTGTTACCGGGTATGGCTAGAATCATC : (6.9
CGTACTGCGTGACCGACGGATGACGAATAAAGGAGTTAAC
TTGAGGGCGGCGAGCGACCTACAAACATGTTCGGGAAACT : (20.23),(20,24),(22,25),(35,38)
CTGTCCAAAAT/ /' CCTGAGACT LCCGTTTAGCAAGAAG : (11,14),(22,25)

Pattern : ACAAC

Moritz G. MaaB and Johannes Nowak: :\
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Further Examples
°

oo

o

Indexing Problems

Example - Positions

GACTCAAAACGGGTTGTTACCGGGTATGGCTAGAATCATC 6
CGTACTGCGTGACCGACGGATGACGAATAAAGGAGTTAAC
TTGAGGGCGGCGAGCGACCTACAAACATGTTCGGGAAACT : 202235
CTGTCCAAAATAAACCTGAGACCAACCGTTTAGCAAGAAG : 11,22

Pattern : ACAAC

Moritz G. MaaB and Johannes Nowak: :\
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Further Examples
°

oo

o

Indexing Problems

Example - Documents

GACTCAAAACGGGTTGTTACCGGGTATGGCTAGAATCATC
CGTACTGCGTGACCGACGGATGACGAATAAAGGAGTTAAC
TTGAGGGCGGCGAGCGACCTACAAACATGTTCGGGAAACT
CTGTCCAAAATAAACCTGAGACCAACCGTTTAGCAAGAAG

Pattern : ACAAC

Moritz G. MaaB and Johannes Nowak: :x
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Tries and PATRICIA Trees

String set:

bear
bell
bid
bull
buy
sell
stock
stop




Example

GACTCARAACGGE TTGT TACCGGE TATGGS TAGAATCATC
CGTAC TGCGTGACCGACGGA TGACGARTARAGGAG TTARC
TTGAGGECEECGAGCGACCTACARACATGTTCGGEARACT
CTGTCCARRATAARACCTGARACCARCCGTT TAGC ARGARG

RACTCARRACGGGT PGTTACCGEE TATGEC TAGARTCATC
CACTCAARACGGG TTGTTACCGGE TATGEC TAGAATCATC
TAC TCARRACGGE T TGTTACCGGEE TATGGE TAGARTCATC
GCCTCARRACGGE T TETTACCGGE TATGEC TAGAATCATC
GGC TCARARCGGE T TGT TACCGGE TATGEC TAGARTCATC
GTCTCAARACGGG TTGTTACCGEE TATGEC TAGARTCATC
AGTAC TECGTGACCGACGGATGACGAATARAGGAG TTARC
GGTAC TECETEACCGACEGATGACGAR TARAGGAG TTARC
TGTAC TSCGTGACCGACGGATGACGAATARAGGAG TTAAC
CATAC TECGTGACCGACEGATGACGARTARAGGAG TTARC
CCOTACTECGTGACCGACGGATGACGAATARAGGAG ITARC
CITAC TECGIGACCGACEGATGACGARTARAGGAG TTARC
ATGAGGGCOGCGAGCGACCTAC AAACATET TCGEGARACT
CTGAGEECEGCGAGCEACCTACARACATGT TCGEGARACT
GTGAGEECEECGAGCEACCTAC ARACATGT TCGEGRRACT
TAGAGGECGGCGAGCGACCTACARACATGTTCGEGARRCT
TCGAGEECGEECGAGCGACCTAC ARACATGT TC GEGARACT
TGGAGGECEECEAGCGACCTAC AAACATGTTC GEGARACT
ATGTCCARRATARACCTEAGACCARCCGE ITTAGEAAGAARG
GTGTCCARARTARACCTGAGACCARCCG TTTAGCARGARG
TTETCCARRATARACCTGAGAC CARCCE TTTAGCARGAAG
CAGTCCARARTAARACCTGAGACCAACCGE ITTAGCARGARG
CCGTCCARAATARACCTGAGACCARCCG TTTAGCAAGARG
CGETCCARRATARACCTEAGACCARCCGE [T TAGC ARGARG

‘(



Further Examples
o

oo

°

String Distances

Edit Distance

@ Dynamic programming version:

D;;=min{D;_1; +1,D;_1 -1+ (i,7), D; j—1+ 1},
forall 1 <i<|ul,1<j< vl

o)1 ifald # o]
5(”)_{0 if ufi] = vlj]

@ As operator op : 2* — ¥¥, i.e,

0P 4o 2(ACAAC) = AAAC
0P sup2.a(ACAAC) = ACAAA

m Moritz G. MaaB and Johannes Nowak:
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